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External magnetic field

• Optical properties depend on the equilibrium state of
matter

• Temperature, pressure or strain, external fields, . . .

• εij(ω;T, S,E,B, . . . )
• here εij(ω;B)

• linear magneto-optics

εij = n2δij + fijkBk + . . .

• n are refractive indexes without external field

• Faraday coefficients fijk describe effect of external
electric field

• there are restrictions on fijk
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Drude model

• insulator, external magnetic field

• for a typical electron with charge q

m(ẍ + Γẋ + Ω2x) = q(E + ẋ×B)

• Fourier transformed

m(−ω2 − iωΓ + Ω2)x̃ = q(Ẽ − iωx̃×B)

• solution is easy with circularly polarized light
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• Fourier transformed

m(−ω2 − iωΓ + Ω2)x̃ = q(Ẽ − iωx̃×B)
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Paul Drude, German physicist, 1863-1906
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Circular polarization

• define

ê± =
1√
2

(êx ∓ iêy)

• with time phase

ê± =
1√
2

 e
−iωt

∓i e
−iωt

0


• real part

ê± =
1√
2

 cosωt
± sinωt

0


• right and left handed circular polarization
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Drude model ctd.

• Assume right handed circularly polarized light and
propagation along direction of magnetic induction

• E = E e
−iωt

ê+, B = Bêz and x = x e
−iωt

ê+

• ê+ × êz = − i ê+

• recall

m(−ω2 − iωΓ + Ω2)x̃ = q(Ẽ − iωx̃×B)

• for right handed light

m(−Ω2 − iΓω + Ω2)x̃ = qẼ − qωx̃B
• or

x̃ =
qẼ

m(Ω2 − ω2 − iΓω) + qωB
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ê+
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Faraday effect

• for right handed light

x̃ =
qẼ

m(Ω2 − ω2 − iΓω) + qωB
• polarization is P̃ = nqx̃ = ε0χẼ

• susceptibility for right (+) or left (-) handed light

χ±(ω;B) =
q2n

ε0Ω2

Ω2

m(Ω2 − ω2 − iΓω)± qωB
• induction is always small in atomic units

χ±(ω;B) = χ(ω; 0)±K(ω)B
• with

K(ω) =
−qω
mΩ2

Ω4

(Ω2 − ω2 − iωΓ)2

• physical dimensions ok.
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• susceptibility for right (+) or left (-) handed light

χ±(ω;B) =
q2n

ε0Ω2

Ω2

m(Ω2 − ω2 − iΓω)± qωB
• induction is always small in atomic units

χ±(ω;B) = χ(ω; 0)±K(ω)B
• with

K(ω) =
−qω
mΩ2

Ω4

(Ω2 − ω2 − iωΓ)2

• physical dimensions ok.



Faraday effect

Peter Hertel

Overview

External
magnetic field

Drude model

Faraday effect

Symmetry
considerations

Faraday
rotation

Magneto-optic
devices

Faraday effect

• for right handed light

x̃ =
qẼ
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• susceptibility for right (+) or left (-) handed light

χ±(ω;B) =
q2n

ε0Ω2

Ω2

m(Ω2 − ω2 − iΓω)± qωB
• induction is always small in atomic units

χ±(ω;B) = χ(ω; 0)±K(ω)B
• with

K(ω) =
−qω
mΩ2

Ω4

(Ω2 − ω2 − iωΓ)2

• physical dimensions ok.



Faraday effect

Peter Hertel

Overview

External
magnetic field

Drude model

Faraday effect

Symmetry
considerations

Faraday
rotation

Magneto-optic
devices

Symmetry

• transparent medium: χij = χ∗ji
• time reversal invariance: χij(ω;B) = χji(ω;−B)

• χij(ω;B) = n(ω)2 δij + iK(ω)εijkBk
• assume Ẽ = Ẽê+ and B = Bêz
• right handed light, propagation along B
• P̃ = (n2 +KB)ε0Ẽê+

• χ± = n2 ±KB
• K in ∆χij = iKεijkBk the same as in Drude model!
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• χ± = n2 ±KB
• K in ∆χij = iKεijkBk the same as in Drude model!



Faraday effect

Peter Hertel

Overview

External
magnetic field

Drude model

Faraday effect

Symmetry
considerations

Faraday
rotation

Magneto-optic
devices

Symmetry

• transparent medium: χij = χ∗ji
• time reversal invariance: χij(ω;B) = χji(ω;−B)

• χij(ω;B) = n(ω)2 δij + iK(ω)εijkBk
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Faraday rotation

• a plane polarized beam enters a magneto-optic medium

• êx = 1√
2
{ê+ + ê−}

• propagating a distance `

˜E(z) = Ẽ
1√
2

{
ê+ e

in+k0` + ê− e
in−k0`

}
• where

n± =
√
n2 ±KB = n± KB

2n
• we calculate

˜E(z) = Ẽ e
ink0`

 cosKBk0`/2n
sinKBk0`/2n

0


• specific Faraday rotation

ΦF =
2π

λ

KB
2n
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• propagating a distance `

˜E(z) = Ẽ
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ê+ e

in+k0` + ê− e
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Michael Faraday, English physicist, 1791-1867
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polarizer - Faraday rotation by 45 degrees - polarizer chain
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Yttrium iron garnet

• Faraday effect by internal magnetic field

• Yttrium Iron Garnet YIG, suitably modified

• ferri-magnetic

• transparent in the near infrared (1.5 micrometers)

• specific Faraday rotation of a few hundred degrees per
millimeter

• integrated optical isolator

• an ongoing effort
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The YIG crystal
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A micro-optical isolator. You may buy it.
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This one is made in China and costs a few hundred dollars.
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