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e The Drude model links optical and electric properties of a
material with the behavior of its electrons or holes
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e The model

e The Drude model links optical and electric properties of a
material with the behavior of its electrons or holes

o Dielectric permittivity
o Permittivity of metals
e Conductivity

e Faraday effect
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Overview

The Drude model links optical and electric properties of a
material with the behavior of its electrons or holes

The model

Dielectric permittivity
Permittivity of metals
Conductivity

Faraday effect

Hall effect
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e consider a typical electron
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e consider a typical electron

e denote by = x(t) the deviation from its equilibrium
position
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e consider a typical electron

e denote by = x(t) the deviation from its equilibrium
position

o external electric field strength E = E(t)
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consider a typical electron

denote by & = x(t) the deviation from its equilibrium
position

external electric field strength E = E(t)
m(& + Tz + Q%*x) = qF
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Model

consider a typical electron

denote by & = x(t) the deviation from its equilibrium
position

external electric field strength E = E(t)

m(& + Tz + Q%*x) = qF

electron mass m, charge g, friction coefficient mI’, spring
constant m$?
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Model

consider a typical electron

denote by & = x(t) the deviation from its equilibrium
position

external electric field strength E = E(t)

m(& + Tz + Q%*x) = qF

electron mass m, charge g, friction coefficient mI’, spring
constant m$?

Fourier transform this
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Model

consider a typical electron

denote by & = x(t) the deviation from its equilibrium
position

external electric field strength E = E(t)

m(& + Tz + Q%*x) = qF

electron mass m, charge g, friction coefficient mI’, spring
constant m$?

Fourier transform this

m(—w? —iwl + Q)& = ¢E
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Model

consider a typical electron

denote by & = x(t) the deviation from its equilibrium
position

external electric field strength E = E(t)

m(& + Tz + Q%*x) = qF

electron mass m, charge g, friction coefficient mI’, spring
constant m$?

Fourier transform this

m(—w? —iwl + Q)& = ¢E

solution is

. _q E)
2(w) = m Q2 — w? — iwl
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e dipole moment of typical electron is p = q&
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e dipole moment of typical electron is p = q&
Dielectric
medium ° reca”

o) = 2 E(v)
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Dielectric
medium

e dipole moment of typical electron is p = q&
o recall

R 2 O
W) = Pl

there are IV typical electrons per unit volume
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Dielectric
medium

e dipole moment of typical electron is p = q&
e recall

- q E(w)
m 02 —w? —iwl
o there are IV typical electrons per unit volume
e polarization is P = Nq& = eoxE
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medium

x(w) =

dipole moment of typical electron is p = q&
recall

- q Ew)

m Q2 — w? —iwl

there are IV typical electrons per unit volume
polarization is P= Nqgx = eoxE
susceptibility is

N¢? 1

eom Q2 — w? — iwl
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dipole moment of typical electron is p = q&
recall

- q E(w)

m Q2 — w? —iwl

there are IV typical electrons per unit volume
polarization is P = Nq& = eox E
susceptibility is

() = Ng? 1
W)= eom Q2 — w? — iwl
in particular
N¢?
0)=———>0
x(0) com?

Polarization
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dipole moment of typical electron is p = q&
recall

. q E(w)

m Q2 — w? —iwl

there are IV typical electrons per unit volume
polarization is P = Nq& = eox E
susceptibility is

N¢? 1

eom Q2 — w? — iwl

in particular
2

N
x(0)=—L_ <0

egmS2?

e ...as it should be

Polarization
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Dielectric
medium

o decompose susceptibility x(w) = x'(w) + ix”(w) into
refractive part x’ and absorptive part x”
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Dielectric
medium

o decompose susceptibility x(w) = x'(w) + ix”(w) into
refractive part x’ and absorptive part x”

e Introduce R(w) = x(w)/x(0), s=w/Q and y =T/Q as
normalized quantities.
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Biclieie o decompose susceptibility x(w) = x'(w) + ix”(w) into
refractive part x’ and absorptive part x”
e Introduce R(w) = x(w)/x(0), s=w/Q and y =T/Q as
normalized quantities.
o refraction )
, 1-—s
R'(s) = (1— 52)2 + 1252
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Dislctric e decompose susceptibility x(w) = x'(w) +ix”(w) into
refractive part x’ and absorptive part x”

e Introduce R(w) = x(w)/x(0), s=w/Q and y =T/Q as

Permittivity of
metals

Electrical . o
conductors normalized quantities.
Faraday effect PY refraction

Hall effect 1 _ 82

R'(s) =

(1 — s2)2 + 4252
e absorption

D"(s) = s
(s) (1 — 52)2 + 282
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Discussion |

e decompose susceptibility x(w) = x'(w) +ix”(w) into

refractive part x’ and absorptive part x”

e Introduce R(w) = x(w)/x(0), s=w/Q and y =T/Q as

normalized quantities.
o refraction
1—s?
R'(s) =
(s) (1 — s2)2 + 4252
e absorption

D"(s) = s
(s) (1 — 52)2 + 282

e limiting cases: s =0, s =1, s — oo, small
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5F 4
0
_5 1 1 1 1 1
0 0.5 1 15 2 25 3

Refractive part (blue) and absorptive part (red) of the

susceptibility function x(w) scaled by the static value x(0).
The abscissa is w/2. T'/Q = 0.1
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susceptibility is practically real.
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Dielectric
medium

o For small frequencies (as compared with ) the
susceptibility is practically real.

e This is the realm of classical optics

e Oy /0w is positive — normal dispersion
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Discussion 1l

Overview
Model
D e For small frequencies (as compared with ) the
medium
R susceptibility is practically real.
metals .. . .
- e This is the realm of classical optics
ectrica
S e Oy /0w is positive — normal dispersion
Faraday effect e . . .
o In the vicinity of w = {2 absorption is large. Negative

Hall effect

dispersion Jx /0w is accompanied by strong absorption.
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Discussion 1l

Peter Hertel

e For small frequencies (as compared with ) the
susceptibility is practically real.

e This is the realm of classical optics
e Jx/Ow is positive — normal dispersion

e In the vicinity of w = () absorption is large. Negative
dispersion Jx/0w is accompanied by strong absorption.

e For very large frequencies again absorption is negligible,
and the susceptibility is negative with normal dispersion.
This applies to X rays.



Discussion 1l

Peter Hertel

e For small frequencies (as compared with ) the
susceptibility is practically real.

e This is the realm of classical optics

e Jx/Ow is positive — normal dispersion

e In the vicinity of w = () absorption is large. Negative
dispersion Jx/0w is accompanied by strong absorption.

e For very large frequencies again absorption is negligible,
and the susceptibility is negative with normal dispersion.
This applies to X rays.

e x(0c0) =0 is required by first principles ...
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Dielectric
medium

e x(w) must be the Fourier transform of a causal response
function G = G(1)
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Dielectric
medium

¢ x(w) must be the Fourier transform of a causal response
function G = G(1)

e as defined in

P(t) = eo/dTG(T)E(t —7)
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function G = G(7)
i e as defined in

P(t) = eo/dTG(T)E(t —7)

e check this for

—iwT
G(r) = a/ dew €

21 Q2 — w2 —iwl
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¢ x(w) must be the Fourier transform of a causal response
function G = G(1)

e as defined in
P(t) = eo/dTG(T)E(t —T)

e check this for

—iwT
G(r) = a/ dow ©

2 02 — w2 — iwl
e poles at
i _ 5 5
wl,zz—gztwwherewz—i— 02 -T2/4
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Kramers-Kronig relation |

¢ x(w) must be the Fourier transform of a causal response

function G = G(1)
e as defined in

P(t) = eo/dTG(T)E(t —T)

o check this for
dw . —iwT
G(r) = _———
(7) a/ 21 Q2 —w? —iwl
e poles at
i _
w2 =5 + @ where 0 = +./Q2 —1?/4

e Indeed, G(7) =0 for 7 <0
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Kramers-Kronig relation |

¢ x(w) must be the Fourier transform of a causal response
function G = G(1)

e as defined in
P(t) = eo/dTG(T)E(t —T)

e check this for
—iwT

G(T)za/dw ¢

2 02 — w2 — iwl
e poles at
il
wio = _15 + @ where 0 = +./Q2 —1?/4
e Indeed, G(7) =0 for 7 <0
o forT >0
G(r) = Ng® —Sin_wT e 17/2
€eom w
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Dielectric
medium

x(w) =

e causal response function: G(7) = 0(7)G(7)
e apply the convolution theorem

[ Sextwite - w
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Dielectric
medium

x(@) = [ SExite -

. 1
= lim -
0<n—=0 1 — 1w

e Fourier transform of Heaviside function is
O(w) =

e causal response function: G(7) = 0(7)G(7)
e apply the convolution theorem



Kramers-Kronig relation Il

Overview
Model e causal response function: G(7) = 0(7)G(1)
- e apply the convolution theorem
Permittivity of du o
x(@) = [ SExite -
T

Electrical . - . .
- e Fourier transform of Heaviside function is
Faraday effe: ~ . 1

- f(w) = lim

Hall effect

0<n—0 1 — iw
o dispersion , or Kramers-Kronig relations
du ux” (u)

"(w) = 2P
X' (w) R
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Kramers-Kronig relation Il

Overview
Model e causal response function: G(7) = 0(7)G(1)
- e apply the convolution theorem
Permittivity of du Y
metals : X(w) = _X(u)e(w - U/)
2

Electrical . - . .
EoLdliciors e Fourier transform of Heaviside function is
Faraday effe ~ . 1

- f(w) = lim

Hall effect

0<n—0 1 — iw

o dispersion , or Kramers-Kronig relations

du ux” (u)

i
X(W) =2 | e
du wx'(u)

"
Xw) = 2P
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Dispersion of white light
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e consider a typical conduction band electron
e it behaves as a free quasi-particle
e recall m(& + I'x + Q%x) = ¢F
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e consider a typical conduction band electron
e it behaves as a free quasi-particle

e recall m(& + I'x + Q%x) = ¢F
Permittivity of

Shsnir e spring constant m? vanishes
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consider a typical conduction band electron
it behaves as a free quasi-particle

recall m(& + 't + Q%x) = ¢F

spring constant mf)? vanishes

m is effective mass
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e consider a typical conduction band electron
e it behaves as a free quasi-particle
e recall m(& + I'x + Q%x) = ¢F
AL e spring constant m$? vanishes
e m is effective mass

e therefore

w?

- 1—-—P
€(w) w? +iwl
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Free quasi-electrons

consider a typical conduction band electron
it behaves as a free quasi-particle

recall m(& + 't + Q%x) = ¢F

spring constant mf)? vanishes

m is effective mass

therefore
2
P

w? 4+ iwl
plasma frequency wy
2 _ Nq2
=—

€w)=1- v

w
€om
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Free quasi-electrons

consider a typical conduction band electron
it behaves as a free quasi-particle

recall m(& + 't + Q%x) = ¢F

spring constant mf)? vanishes

m is effective mass

therefore
2
w
cw)y=1—- —L—
() w? 4+ iwl
plasma frequency wy
2 _ Nq2
wp = ——
€M
correction for w > wy
2
w
P
W) =€ — —5——
(W) = €oo w? 4+ iwl
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e Drude model parameters for gold

o as determined by Johnson and Christy in 1972
e e, =95
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Drude model parameters for gold

as determined by Johnson and Christy in 1972
€ = 9.5

hwp, = 8.95 eV

Permittivity of
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Drude model parameters for gold

as determined by Johnson and Christy in 1972
€ = 9.5

hwp, = 8.95 eV

hI' = 0.069 eV

Permittivity of
metals
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Example: gold

Drude model parameters for gold

as determined by Johnson and Christy in 1972
€ = 9.5

hwp, = 8.95 eV

A’ = 0.069 eV

with these parameters the Drude model fits optical
measurements well for iw < 2.25 eV (green)
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Example: gold

Drude model parameters for gold

as determined by Johnson and Christy in 1972
€ = 9.5

hwp, = 8.95 eV

A’ = 0.069 eV

with these parameters the Drude model fits optical
measurements well for iw < 2.25 eV (green)

The refractive part of the permittivity can be large and
negative while the absorptive part is small.
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Example: gold

Drude model parameters for gold

as determined by Johnson and Christy in 1972
€ = 9.5

hwp, = 8.95 eV

A’ = 0.069 eV

with these parameters the Drude model fits optical
measurements well for iw < 2.25 eV (green)

The refractive part of the permittivity can be large and
negative while the absorptive part is small.

This allows surface plasmon polaritons (SPP)
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Permittivity of

1.5

2

2‘.5 3
Refractive (blue) and absorptive part (red) of the permittivity
function for gold. The abscissa is Aiw in eV.
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e consider a typical charged particle
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e consider a typical charged particle
e recall m(& + 't + Q%x) = ¢F
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e consider a typical charged particle
e recall m(& + 't + Q%x) = ¢F

Electrical

e electric current density J = Ngx
conductors
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Electrical
conductors

e consider a typical charged particle
e recall m(& + 't + Q%x) = ¢F
e electric current density J = Ngx

e Fourier transformed: J = Nq(—iw)&
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Electrical
conductors

consider a typical charged particle
recall m(& + ' + Q%x) = ¢E
electric current density J = Nga
Fourier transformed: J = N¢(—iw)&
recall

N %)

m Q2 — w? —iwl
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Electrical conductivity

consider a typical charged particle
recall m(& + ' + Q%x) = ¢E
electric current density J = Nga
Fourier transformed: J = Nq(—iw)&

recall

. q E(w)
W) = P —hl
Ohm'’s law

J(w) = o(w)E(w)
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Electrical conductivity

consider a typical charged particle
recall m(& + ' + Q%x) = ¢E
electric current density J = Nga
Fourier transformed: J = Nq(—iw)&

recall

. q E(w)
W) = P —hl
Ohm'’s law

J(w) = o(w)E(w)
conductivity is
N¢? —iw

m Q% —w? —iwl
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Electrical

conductors

e A material with 0(0) =0 is an electrical insulator . It
cannot transport direct currents (DC).
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Electrical

conductors

e A material with 0(0) = 0 is an electrical insulator . It
cannot transport direct currents (DC).

e A material with o(0) > 0 is an electrical conductor .
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e A material with 0(0) = 0 is an electrical insulator . It
cannot transport direct currents (DC).

e A material with o(0) > 0 is an electrical

o Charged particles must be free, 2 = 0.

Electrical
conductors

conductor .
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Electrical conductors

Overview

Model

Dielectric e A material with 0(0) =0 is an electrical insulator . It
edi .

- cannot transport direct currents (DC).

Permittivity of

s e A material with o(0) > 0 is an electrical conductor .
Electrical .

conductors o Charged particles must be free, 2 = 0.

Faraday effect ° WhiCh means

Hall effect N 2 1
o(w) = o

m I —iw
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Electrical conductors

Overview
Model
Dielectric e A material with 0(0) =0 is an electrical insulator . It
edi .
- cannot transport direct currents (DC).
Permittivity of
s e A material with o(0) > 0 is an electrical conductor .
Electrical .
conductors o Charged particles must be free, 2 = 0.
Faraday effect ° WhiCh means
Hall effect qu 1
o(w)=—— -
m ' —iw
e or
o(w) 1
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Electrical conductors

A material with 0(0) = 0 is an electrical insulator . It
cannot transport direct currents (DC).
A material with (0) > 0 is an electrical conductor .
Charged particles must be free, 2 = 0.
which meanzs
Ngq 1
ow) = m I —iw
or
o(w) 1
o(0) ~ 1—iw/T
Note that the DC conductivity is always positive .
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Georg Simon Ohm, German physicist, 1789-1854



Faraday effect

Q>



e apply a quasi-static external induction B

Faraday effect
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e apply a quasi-static external induction B
o the typical electron obeys

m(z& + 'k 4+ Q*x) = ¢(E + & x B)

Faraday effect
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e apply a quasi-static external induction B
o the typical electron obeys

m(z& + 'k 4+ Q*x) = ¢(E + & x B)
e Fourier transform this

Faraday effect

m(—w? —iwl + Q& = ¢(€ — iwE x B)




e apply a quasi-static external induction B
o the typical electron obeys

m(z& + 'k 4+ Q*x) = ¢(E + & x B)
e Fourier transform this

Faraday effect

m(—w? —iwl + Q& = ¢(€ — iwE x B)
e assume B = Be,




Overview
Model

Dielectric
medium

Permittivity of
metals
Electrical
conductors

Faraday effect

Hall effect

External static magnetic field

apply a quasi-static external induction B
the typical electron obeys

m(z& + 'k 4+ Q*x) = ¢(E + & x B)
Fourier transform this

m(—w? —iwl + Q& = ¢(€ — iwE x B)
assume B = Be,

assume circularly polarized light

£ = Eréy where éx = (&, +i&,)/V?2
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External static magnetic field

apply a quasi-static external induction B
the typical electron obeys

m(z& + 'k 4+ Q*x) = ¢(E + & x B)
Fourier transform this

m(—w? —iwl + Q& = ¢(€ — iwE x B)
assume B = Be,

assume circularly polarized light

£ = Eréy where éx = (&, +i&,)/V?2
try x =T1é4
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apply a quasi-static external induction B
the typical electron obeys

m(z& + 'k 4+ Q*x) = ¢(E + & x B)
Fourier transform this

m(—w? —iwl + Q& = ¢(€ — iwE x B)
assume B = Be,

assume circularly polarized light

£ = Eréy where éx = (&, +i&,)/V?2
try x =T1é4

note e4 X &€, = Fie4
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apply a quasi-static external induction B
the typical electron obeys

m(z& + 'k 4+ Q*x) = ¢(E + & x B)
Fourier transform this

m(—w? —iwl + Q& = ¢(€ — iwE x B)
assume B = Be,

assume circularly polarized light

£ = Eréy where éx = (&, +i&,)/V?2
try x =T1é4

note e4 X &€, = Fie4

therefore

m(—w? —iwl + O?) iy = q(EN':t FwBiy)
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o m(—w? —iwl + Q¥ iy = q(Ex T wBiy)

Faraday effect
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Faraday effect

e m(—w? —iwl + Q)74 = q(Ei FwBiy)
e therefore
P qE+
7 (02 —iwl — w?) £ quB
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Faraday effect

e m(—w? —iwl + Q)74 = q(Ei FwBiy)
e therefore
P qE+

7 (02 —iwl — w?) £ quB

e recall P = Nq& = ¢gxE

«O» «F»r « =

« =



Faraday effect

m(—w? —iwl + Q) 7y = q(By F wBiy)
therefore
Ty = . abs
m(Q? —iwl — w?) + qwB
recall P = Nq& = eoxE

effect of quasi-static induction B is
N¢? 1
eom Q2 —iwl' — w? + (¢/m)wB

Xt(w) =

«O» «F»r « =

« =
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m(—w? —iwl + Q) 7y = q(By F wBiy)
therefore
Ty = . abs
m(Q? —iwl — w?) + qwB
recall P = Nq& = eox F

effect of quasi-static induction B is

N¢? 1

eom 2 — iwl’ — w? £ (¢/m)wB

left and right handed polarized light sees different
susceptibility

X+ (w) =
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m(—w? —iwl + Q) 7y = q(By F wBiy)

therefore
P qb+

7 (02 —iwl — w?) £ quB
recall P = Nq& = eox F

effect of quasi-static induction B is

N¢? 1

~eom Q2 —iwl — w? £ (¢/m)wB

left and right handed polarized light sees different
susceptibility

Faraday effect
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e B is always small (in natural units)

Faraday effect

«O» «F»

it
a
it
v

DA



e B is always small (in natural units)

e €j(w;B) = €(w;0) + 1K (w)eijrBr

Faraday effect
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e B is always small (in natural units)

e €j(w;B) = €(w;0) + 1K (w)eijrBr
e linear magneto-optic effect

Faraday effect

«O>» «Fr «=)r» « =)

DA



Faraday effect

B is always small (in natural units)
€ij(w; B) = €;5(w; 0) + 1K (w)e€; 1B
linear magneto-optic effect

Faraday constant is

N¢ w

K(w) = eom? (22 —iwl — w?)?
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Faraday effect

e B is always small (in natural units)
e €j(w;B) = €(w;0) + 1K (w)eijrBr
e linear magneto-optic effect

e Faraday constant is

N¢ w

eom? (22 —iwl — w?)?

e K(w) is real in transparency window

K(w) =
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Faraday effect

B is always small (in natural units)
€ij(w; B) = €;5(w; 0) + 1K (w)e€; 1B
linear magneto-optic effect

Faraday constant is
N¢ w
eom? (22 —iwl — w?)?

e K(w) is real in transparency window

K(w) =

e i. e if wis far away form (2
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B is always small (in natural units)
€ij(w; B) = €;5(w; 0) + 1K (w)e€; 1B
linear magneto-optic effect
Faraday constant is
N¢ w

Kw) = eom? (22 —iwl — w?)?
K (w) is real in transparency window

e. if w is far away form Q

Remarks

Faraday effect distinguishes between forward and backward

propagation
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B is always small (in natural units)
€ij(w; B) = €;5(w; 0) + 1K (w)e€; 1B
linear magneto-optic effect

Faraday constant is

N¢ w

eom? (22 —iwl — w?)?

K (w) is real in transparency window

K(w) =

e. if w is far away form Q

Remarks

Faraday effect distinguishes between forward and backward

propagation

optical isolator
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e set the spring constant m? = 0
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e set the spring constant m? = 0
e study AC electric field &
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e set the spring constant m? = 0
e study AC electric field &

e and static magnetic induction B
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set the spring constant m? = 0
study AC electric field €
and static magnetic induction B

solve

m(—w? — iTw)z = q(€ — iwi x B)
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set the spring constant m? = 0
study AC electric field €
and static magnetic induction B
solve
m(—w? — iTw)z = q(€ — iwi x B)
or

qg 1 1

=0

m—iwI —iw

{€ —iwx x B}
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Conduction in a magnetic field

set the spring constant m? = 0
study AC electric field €

and static magnetic induction B
solve

m(—w? — iTw)z = q(€ — iwi x B)

1 1 ~
:i::%_—iwr_iw{g—iwi:xB}
by iteration
i- £+ 1 ! £xB
z=...{ t o€ X 1
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Conduction in a magnetic field

set the spring constant m? = 0
study AC electric field €

and static magnetic induction B
solve

m(—w? — iTw)z = q(€ — iwi x B)

or

._gq 1 1 4
m_m—in—iw{g iwz x B}
by iteration

- (g+1 1 z.m
o mT —iw

Ohmic current o< € and Hall current < € x B
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e Hall current usually forbidden by boundary conditions
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e Hall current usually forbidden by boundary conditions
o Hall field

x B
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e Hall current usually forbidden by boundary conditions
o Hall field
~ 1

Ey=—1

T ExB

— 1w

e replace E by £+ E’H
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e Hall current usually forbidden by boundary conditions
o Hall field
1

EH:—i - EXB

ml —iw
e replace E by £+ E’H
° EH X B can be neglected

«O>» «Fr «=)r» « =)

DA



e Hall current usually forbidden by boundary conditions
o Hall field
1

EH:—i - EXB

ml —iw
e replace E by £+ E’H
° EH X B can be neglected

e current J(w) = o(w)&(w) as usual

«O> «F>r «=)r» «=)»



Hall effect
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e Hall current usually forbidden by boundary conditions

Dielectric
medium ° Ha” f|e|d
Permittivity of
etals j o q 1 o
metal 8H - _ - 8 X B
Electrical m F — W

conductors

replace € by € + En
E'H X B can be neglected

Faraday effect

Hall effect

current J(w) = o(w)&(w) as usual
additional Hall field £x(w) = R(w)J (w) x B
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Hall effect

Overview
Model

Dielectric e Hall current usually forbidden by boundary conditions
medium ° Ha“ fleld

Permittivity of q 1

metals g _ _
H — .
Electrical m F — 1w

conductors replace é by é + éH
E'H X B can be neglected

ExB

Faraday effect

Hall effect

current J(w) = o(w)&(w) as usual
additional Hall field Ex(w) = R(w)J(w) x B
Hall constant R = —1/Ngq does not depend on w
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Hall effect

Overview

- e Hall current usually forbidden by boundary conditions

Dielectric
medium ° Ha” fleld
Permittivity of
; - ¢ 1 4
metals 8H - - s g X B
Electrical m F P

conductors

replace € by € + En
E'H X B can be neglected

Faraday effect

Hall effect
current J(w) = o(w)&(w) as usual

additional Hall field Ex(w) = R(w)J(w) x B

Hall constant R = —1/Ngq does not depend on w

e .. .if there is a dominant charge carrier.
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Hall effect

Overview

- e Hall current usually forbidden by boundary conditions

Dielectric
medium ° Ha” fleld
Permittivity of
; - ¢ 1 4
metals gHZ__ : £XB
Electrical m F P

conductors

replace € by € + En
E'H X B can be neglected

Faraday effect

Hall effect
current J(w) = o(w)&(w) as usual

additional Hall field Ex(w) = R(w)J(w) x B

Hall constant R = —1/Ngq does not depend on w

e .. .if there is a dominant charge carrier.

R has different sign for electrons and holes
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